We introduce the notion of smooth cell complexes and its subclass consisting of gathered cell complexes within the category of diffeological spaces (cf. Definitions 1 and 3). It is shown that the following hold.
Smooth relative cell complexes
In this section we give the notion of smooth cell complexes and its fundamental properties. To make the statement more precise, we shall work in the category Diff of diffeological spaces. As described in [7] , the category Diff is complete, cocomplete and cartesian closed. Moreover, there is a left adjoint functor T from Diff to the category Top of topological spaces which assigns to every diffeological space X its underlying space equipped with D-topology (cf. [12, Proposition 2.1] ). Throughout the paper, R n denotes the n-dimensional Euclidean space equipped with the standard diffeology consisting of all smooth parametrizations of R n . Denote by ∂I n the boundary of the n-dimensional cube I n , and let L n−1 = ∂I n−1 × I ∪ I n−1 × {0} and J n−1 = ∂I n−1 × I ∪ I n−1 × {1} for each n ≥ 1. We regard I n , ∂I n , L n−1 and J n−1 as subspaces of R n .
Let C be a category with all small colimits and δ an ordinal. A colimit preserving functor Z : δ → C is called a δ-sequence (cf. [6, Definition 2.1.1]) if for all limit ordinals β < δ, the induced map colim α<β Z α → Z β is an isomorphism.
Given two smooth maps f : Y → Z and g : Y ′ → Z between diffeological spaces, we denote by f ∪ g the composition
where ▽ is the foloding map of Z Z onto Z.
Definition 1 ([5, Definition 5.12]). Let (X, A) be a pair of diffeological spaces. We say that (X, A) is a smooth relative cell complex if there is an ordinal δ and a δ-sequence Z : δ → Diff such that the inclusion i : A → X coincides with the composition Z 0 → colimZ and that for each β such that β + 1 < δ, there exists a pushout square
coincides with the subduction from Z β I n β+1 to Z β+1 . We call φ β+1 and Φ β+1 attaching and characteristic maps, respectively. We say that X is a smooth cell complex if A is the empty set.
Remark. N. Iwase and N. Izumida [8] intoroduces smooth CW complexes by using characteristic maps from the unit disks instead of cubes. On the other hand, H. Kihara [10] uses the notion of smooth simplicial cell complexes when discussing the model structure of diffeological spaces.
Let T : Diff → Top be the functor which assigns to every diffeological space the underlying space having the D-topology associated with X. Proof. For each β such that β + 1 < δ, the pair (T I n β+1 , T ∂I n β+1 ) is homeomorphic to the pair (I n β+1 , ∂I n β+1 ) of topological subspaces of R n β+1 by [2, Lemma 3.17 ]. Since the functor T preserves colimits, we have a pushout square
Remark. Let A be a subspace of a diffeological space X. In general, the Dtopological space T A is not a topological subspace of T X (cf. [2, 3.3] ). But in the situation of Proposition 2, the D-topological space T Z β is a subspace of T X, for every β < δ. Thus we can discuss the D-topology on smooth relative cell complexes just as in the case of topological relative cell complexes.
Recall from [5, Definition 3.8] that a smooth map from a cubical subcomplex K of I n (e.g. I n , ∂I n , L n−1 or J n−1 ) to a diffeological space X is called to be ǫ-tame if we have f (t 1 , · · · , t j−1 , t j , t j+1 , · · · , t n ) = f (t 1 , · · · , t j−1 , α, t j+1 , · · · , t n ) for every (t 1 , · · · , t n ) ∈ K and α ∈ {0, 1} such that |t j − α| ≤ ǫ holds. Moreover a smooth homotopy H :
for each (y, t) ∈ Y × I such that |t − α| ≤ ǫ. We use the abbreviation "tame" to mean ǫ-tame for some ǫ > 0.
Definition 3.
A smooth relative cell complex is called to be gathered if its all attaching maps are tame.
The following proposition plays a key role in the proofs of our main results. Proposition 4 ([5, Proposition 6.9]). Let X be a gathered cell complex, and let L be a cubical subcomplex of I n . Let f be a continuous map form I n to T X such that its ristriction to L is a smooth tame map. Then there exists a tame map g : I n → X such that f and T g are continuously homotopic relative to L.
The Whitney apprximation on smooth cell complexes
The classical Whitney approximation theorem states that any continuous map between smooth manifolds is homotopic to a smooth map (cf. [11, Theorem 6.19] ). In this section we will extend this theorem on gathered cell complexes. Proof. Let (X, A) be a relative gathered cell complex given by a δ-sequence Z : δ → Diff . Starting from the trivial homotopy of g 0 = f |A, we inductively construct a smooth map g β : (Z β , A) → (Y, B) and a continuous homotopy h β :
For each β such that β +1 < δ, let φ β+1 : ∂I n β+1 → Z β and Φ β+1 : I n β+1 → Z β+1 be an attaching and a characteristic maps, respectively. Suppose we have a smooth map g β : Z β → Y and a continuous tame homotopy h β :
Let us take such ǫ > 0 that φ β+1 and h β are ǫ-tame, and let R ǫ :
But then, there exist by Proposition 4 a tame map G ′ : I n β+1 × I → Y and a continuous tame homotopy K :
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Since the vertical arrow is a quotient map, there exists a continuous tame homotopy
Suppose now that β is a limit ordinal of δ. Then we have Z β ∼ = colim α<β Z α . For each α < β, suppose there exists a smooth map g α : Z α → Y and a continuous homotopy F α : T Z α × I → Y between f |T Z α and T g α such that for eachα < α,
hold. Since the functor T preserves the colimits, we have
Thus we get a smooth map g β = colim α<β g α : Z β → Y and a continuous homotopy F β = colim α<β F α : T Z β × I → T Y between f |T Z β and T g β . This completes the induction step and proves Theorem 5.
Smoothing of topological cell complexes
In this section we show that every topological cell complex is continuously homotopy equivalent to a smooth cell complex. (Compare [8, Theorem A.1].) Theorem 6. Let X ′ be a topological cell complex given by a δ-sequence Z ′ : δ → Top. Then there exists a gathered cell complex X such that X ′ is continuously homotopy equivalent to T X.
Proof. Since Z 0 is the empty set, Z 1 is a point. We shall inductively construct a gathered cell complex Z β and a continuous homotopy equivalence f β :
For each β such that β + 1 < δ, suppose we have a gathered cell complex Z β and a continuous homotopy equivalence f β :
β is a homotopy inverse. Then we have the following commutative diagram consisting of pushout squares
where φ ′ β+1 and Φ ′ β+1 are attaching and characteristic maps, respectively. There exists the homotopy inverseg β off β by [1, 7.5.7 ]. Then we can construct homotopies 1 ≃g βfβ and 1 ≃f βgβ extending H ′ β and H β , respectively. By Proposition 4 there exists a tame map φ β+1 : ∂I n β+1 → Z β satisfying
We define Z β+1 by the following pushout square
Since the functor T preserves colimits, and since the pair (T I n β+1 , T ∂I n β+1 ) is homeomorphic to the pair (I n β+1 , ∂I n β+1 ) by [2, Lemma 3.17], the adjunction space T Z β+1 is obtained by gluing I n β+1 to T Z β along an attaching map T φ β+1 . Then there is a homotopy equivalence
Then we can construct homotopies
and H β+1 : T Z β+1 × I → T Z β+1 satisfying 1 ≃ g β+1 f β+1 and 1 ≃ f β+1 g β+1 which can be extended to H ′ β and H β , respectively.
Let β be a limit ordinal of δ. Suppose for each α < β, there exist a gathered cell complex Z α and a continuous homotopy equivalence f α : Z ′ α → T Z α such that the restriction f α |Z ′ α is a homotopy equivalence fα : Z ′ α → T Zα for eachα < α. Then we have a gathered cell complex Z β defined by colim α<β Z α and a continuous homotopy equivalence f β = colim α<β f α : Z ′ β → T Z β . Therefore we have a gathered cell complex X = colimZ given by the δ-sequence Z : δ → Diff and a continuous homotopy equivalence colimf β : X ′ → T X.
Partition of unity on smooth cell complexes
In this section we show that every smooth cell complex admits a partition of unity by smooth functions.
Let X be a diffeological space. If ψ : X → R is a real-valued smooth map, the support of ψ, denoted by suppψ, is the closure, with respect to the D-topology, of the set of points such that ψ is non-zero:
A collection of subsets of X is called locally finite if each x ∈ X has a D-open neighbourhood that intersects with only finitely many members of of the collection. Let U = {A λ } λ∈Λ be an arbitary D-open cover of X. We say that a collection Proof. Let β 0 be the minimum value β < δ satisfying Z β ∩ A = ∅. If β 0 = 0 holds, we define the constant map f β0 : Z β0 → I with the value 1 ∈ I. Let β 0 > 0 and let Φ β0 : I n β 0 → Z β0 be a characteristic map. Then there exists an open set M ′ β0 of I n β 0 such that [11, Corollary 2.19 ]. Since i β0 ∪ Φ β0 is a subduction, there exists a smooth map f β0 : Z β0 → I such that the following diagram commutes
Then we have the following conditions 
Let φ β+1 : ∂I n β+1 → Z β and Φ β+1 : I n β+1 → Z β+1 be attaching and characteristic maps, respectively. Then there exists a D-open set M ′ β+1 of I n β+1 satisfying
Then, by Tietze extension theorem (cf. [13] ), there exists a continuous function f ′′ β+1 : I n β+1 → I such that it extends f ′ β+1 and suppf ′′ β+1 ⊂ Φ −1 β+1 (B) holds. Moreover there exists a smooth map f ′′′ : I n β+1 → I satisfying
, by the Whitney approximation theorem (cf. [11, Theorem 6.19] ). Now we have a smooth map f β+1 : Z β+1 → I extending f β and making the following diagram commutative
. Now, we get the following conditions
Therefore we can construct a smooth map f : X → I given by colimf β . Then it satisfies f ≡ 1 on A and suppf ⊂ B.
A topological space is called a paracompactum if it is a paracompact Hausdorff space. We know that a topological CW complex is a paracompactum (cf. [3, Theorem 1.3.5]). Now we have the following. Proposition 8. Let X be a smooth cell complex given by a δ-sequence Z : δ → Diff , where δ is a countable ordinal. Then T X is a paracompactum.
Proof. Suppose Z β is a paracompactum for each β ≥ 0. Since tha functor T preserves the colimits and the pair (T I n β+1 , T ∂I n β+1 ) is homeomorphic to the pair (I n β+1 , ∂I n β+1 ) by [2, Lemma 3.17], we have the following pushout square
Then T Z β+1 is a paracompactum by [9, Exercise 7.18 ]. Therefore we get a paracompactum X = colimZ by [3, Proposition A.5.1].
Theorem 9. Let X be a smooth cell complex given by a δ-sequence Z : δ → Diff , where δ is a countable ordinal. Then for any D-open cover U = {U λ } λ∈Λ of X, there exists a partition of unity {ψ λ : X → R | λ ∈ Λ} subordinate to U.
Proof. Since T X is a paracompactum by Proposition 8, there exists a locally finite D-open cover {U ′ λ } such that U ′ λ ⊂ U ′ λ ⊂ U λ holds for each λ ∈ Λ. Then we get a smooth map f λ : X → I such that suppf λ ⊂ U λ and f λ ≡ 1 on U ′ λ . Define a smooth map ψ λ : X → R by
.
Then {ψ λ : X → R | λ ∈ Λ} is a partition of unity subordinate to U.
